Abstract. We extend our previous computations to show that there are 20138200 Carmichael numbers up to 10 21 . As before, the numbers were generated by a back-tracking search for possible prime factorisations together with a "large prime variation". We present further statistics on the distribution of Carmichael numbers.
Introduction
A Carmichael number N is a composite number N with the property that for every b prime to N we have b N −1 ≡ 1 mod N . It follows that a Carmichael number N must be square-free, with at least three prime factors, and that p − 1|N − 1 for every prime p dividing N : conversely, any such N must be a Carmichael number.
For background on Carmichael numbers and details of previous computations we refer to our previous paper [1] : in that paper we described the computation of the Carmichael numbers up to 10 15 and presented some statistics. These computations have since been extended to 10
16 [2] , 10 17 [3] , 10 18 [4] and now to 10 21 , using similar techniques, and we present further statistics.
Organisation of the search
We used improved versions of strategies first described in [1] . The principal search was a depth-first back-tracking search over possible sequences of primes factors p 1 , . . . ,
i=r+1 p i and L r = lcm {p i − 1 : i = 1, . . . , r}. We find that Q r must satisfy the congruence N = P r Q r ≡ 1 mod L r and so in particular
We modified this to terminate the search early at some level r if the modulus L r is large enough to limit the possible values of Q r , which may then be factorised directly.
We also employed the variant based on proposition 2 of [1] which determines the finitely many possible pairs (p d−1 , p d ) from P d−2 . In practice this was useful only when d = 3 allowing us to determine the complete list of Carmichael numbers with three prime factors up to 10 21 .
2.1. A large prime variation. Finally we employed a different search over large values of p d , in the range 2.10 6 < p d < 10 10.5 , using the property that
If q is a prime in this range, we let P run through the arithmetic progression P ≡ 1 mod q −1 in the range q < P < X/q where X = 10 21 . We first check whether N = P q satisfies 2 N ≡ 2 mod N : it is sufficient to test whether 2 N ≡ 2 mod P since the congruence modulo q is necessarily satisfied. If this condition is satisfied we factorise P and test whether N ≡ 1 mod λ(N ).
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We have shown that there are 20138200 Carmichael numbers up to 10 21 , all with at most 12 prime factors. We let C(X) denote the number of Carmichael numbers less than X and C(d, X) denote the number with exactly d prime factors. Table 1 gives the values of C(X) and Table 2 the values of C(d, X) for X in powers of 10 up to 10 21 .
